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II. SPIRAL ARMS AS SHEARED
GRAVITATIONAL INSTABILITIES

P. Goldreich* and D. Lynden-Bell

(Received 1964 June 25)

Summary

This paper treats examples of gravitational instability in differentially
rotating media. The particular cases dealt with include polytropic, stratified
sheets of gas, as well as the infinite homogeneous media. Application of the
results is made to the formation of spiral arms in a differentially rotating
disk galaxy. Relations are derived which connect the thickness of the
galactic disk, its density, and the velocity dispersion perpendicular to the
galactic plane with QOort’s differential rotation parameters A and B.

Sections 1 and 2 discuss requirements of any theory of spiral arms.

Sections 3 to 8 give a mathematical treatment of gravitational instability
in a sheared rotating stratified medium.

Section ¢ discusses these results qualitatively and proposes a theory of
spiral arm formation based on them.

Section 10 gives the observational tests and consequences of the theory.

Finally Section 11 gives a very brief discussion of barred spirals and
points to the many problems left unsolved by the present work.

1. Introduction

Since Lord Rosse (1) discovered spiral structure in M 51 the explanation of
this beautiful form has been one of the outstanding problems of cosmogony.
The straightforward belief that this structure is a natural consequence of a
swirling motion was probably held by many of the early observers and it is
our hope that the present work goes some distance to establish that belief on
a firm theoretical foundation.

Jeans (2) tried to identify the arms with pieces of material that would be
shed equatorially as a uniformly-rotating centrally-condensed mass slowly
shrank. We know now that a galaxy is not a pressure-supported mass of glowing
gas, but a star-gas mixture supported by rotation or stellar motions. Secular
shrinking is not therefore a natural form of evolution. The observed rotation
is not normally uniform except in barred spirals where a theory reminiscent of
Jeans’ still looks promising.

Lindblad attempted to give an explanation of spiral arms, first in terms of
orbits (3) and then in terms of the complete self-gravitating perturbations of a
stellar system (4). His concept of a hierarchy of subsystems with different
flattenings was a forerunner of Baade’s discovery of different stellar populations,
while it is his realization of the dynamical importance of flattening for the
stability of the galactic disk that we shall develop here.

* N.A.S.-N.R.C. Fellow 1963—64.
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In external galaxies we recognize spiral arms by their brightness on a
photographic plate and the knots of Hy; regions that occur along them. It is
sometimes possible to extend the arms inwards towards the nucleus by allowing
the eye to follow dust markings. Whether or not such markings are a genuine
extension of the same spiral structure we do not know, but we take the primary
characteristic of spiral arms to be their photographic brightness. This brightness
is caused by very luminous stars, so luminous in fact that they have short lives
and can hardly have moved from their birthplaces. We deduce that stars are
being formed in spiral arms. Star formation requires considerable condensation
of the interstellar medium and if new stars are the end-products of Jeans’
gravitational instability then spiral arms must be the seat of such instability.
This at once raises the question whether the arms themselves can be due to
gravitational instability on a slightly grander scale. Whether that is the case
or not it is most important to know how gravitational instability occurs in a
differentially rotating structure of finite thickness. It is this problem that we
shall solve.

2. Requirements of any theory

In this section we shall talk only of normal spirals; a discussion of barred
spirals is given at the end of the paper.

2.1. Form.—Any theory must be wide enough to contain the bewildering
variety of galactic forms. The conventional picture of two spiral arms starting
symmetrically from the nucleus and winding several times around like continuous
threads is wrong in several respects. In only about a third of all normal spirals
can it be claimed that just two arms are dominant and although in these there
is some tendency to symmetry it is not always very pronounced. The arms are
not normally continuous and can be traced without ambiguity once around the
nucleus only rarely. In many though not in all cases these arms give the
impression of several pieces joined at kinks. But these kinks may be perturbations
on the continuous arms of the conventional picture. There are galaxies that fit
that picture. The symmetry of their large-scale structure must depend on a
more realistic discussion of gravitational instability than we can give here.
However we think that this structure could form in a large-scale version of the
same type of instability. The remaining two-thirds of normal galaxies are
multiply armed structures. In Sc’s the arms often branch at unlikely angles
and the whole structure is considerably more messy than the conventional
picture. A swirling hotch-potch of pieces of spiral arms is a reasonably apt
description. A correct theory must have room for neat symmetrical two-armed
spirals, but it must not predict that most normal galaxies should be like that.
The mechanism of spiral arm formation must be so universal that it can still
work under the difficult messy conditions of a typical spiral galaxy.

2.2. Dynamics.—S0 galaxies are topographically similar to normal spirals
but they have no gas, no dust and no spiral arms. This suggests that stellar
dynamics is not alone responsible for arm formation. Gas dynamics differs
from stellar dynamics in the following respects: ‘

(1) The nature of the pressure is different. In the interstellar gas turbulent
pressure dominates. 4

(2) Turbulent energy is dissipated and then lost by radiation whereas energy
is conserved in stellar dynamics. '

© Royal Astronomical Society ¢ Provided by the NASA Astrophysics Data System

120z Ae\ L1 uo Jesn sjewss 06/ L0 Aeiqi OIS AQ 0860092/GZ L/2/0E L /elo1e/SeIuW/Wwoo dno olwepeoe//:sd)y woly papeojumod


http://adsabs.harvard.edu/abs/1965MNRAS.130..125G

FTY9B5WNRAS, 130- “1255!

No. 2, 1965  I1. Spiral arms as sheared gravitational instabilities 127

(3) The gas is subject to magnetic forces.
(4) Gas may be cooled by the presence of dust grains, etc.

Any theory of spiral arms must depend on at least one of these differences or be
merely a reflection of special initial conditions.

2.3. The winding problem.—If the arm structure rotates differentially, as the
observations indicate that the Hj; regions do, then the pitch must diminish.
In times that are typically a few 10® years the arms will become tightly wound.
However the proportion of normal spirals with tightly wound arms is small, and
"it is currently believed that galaxies are typically 10! year-olds. Unless the
galaxies have conspired all to be spiral together for a very brief period we must
deduce that either:

(1) the spiral structure rotates nearly uniformly although the material rotates

differentially, or

(2) the arms are short-lived but reform as open structures, or

(3) that the observations are wrong and spirals rotate nearly uniformly.

To admit (3) is to say that the theorist is bankrupt of ideas. There is little doubt
that a large fraction of spirals rotate with considerable shear.

Perhaps the most promising of the theories based on (1) is the density wave
theory (5) in which a nearly uniformly rotating spiral wave propagates through the
star—gas fluid. Stars are most likely to form near the density maxima. To date
theoretical discussions of such waves have been limited to thin disk models with
infinite density and no pressure. All such models are violently unstable (6)
since the growth rate of Jeans’ gravitational instability is proportional to (Gp)*2.

A second type of theory based on (1) allows considerable radial streaming
and maintains a uniformly rotating structure in a differentially rotating medium
by forcing the material to flow out along the arms. Magnetic forces are usually
invoked to do this. The weak point of such theoriesis the large angular momentum
transport required to keep the outflowing material at the observed angular
momenta. Magnetic fields cannot provide the necessary torque unless they are
either impossibly strong, >10"*G, or violently bent on the scale of the
thickness rather than the radius of the galactic disk. No fully developed theory
based on such ideas has yet appeared.

The present theory is based on (2), the idea that arms are constantly forming
and dying. A natural regenerative mechanism based on the turbulent dissipation
in the interstellar gas and gravitational instability (%) will be proposed after
our mathematical discussion of the instability.

3. A property of differential rotation

Gravitational condensation in a differentially rotating medium is a complicated
process. If we are to understand it we must first solve similar problems which
have only a few of the complicating features. In paper I we discussed a series
of such simplified problems all of which involved uniform rotation. In this
section we discuss the most drastically simplified differentially rotating problem.

We consider an infinite medium which is uniform in the z direction but
possibly non-uniform in R (R?*=x%+3?%), We suppose that it rotates at
equilibrium with a velocity law uy= +u,(R)p*. Weshall consider the behaviour

* The positive sign makes —uy(R).the circular velocity in the conventional 21 cm pictute of

the galaxy; ¢ is the unit vector in the anticlockwise direction in which ¢ increases in R, ¢, #
coordinates.
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of small perturbations to such a system when both the gravitational and the
pressure perturbations are neglected. In such an approximation (which would
be correct for small wave-length disturbances in a cold gas) the perturbations
move in nearly circular orbits under the influence of the unperturbed gravity
field. We shall constrain the perturbations to be independent of 2. Since
there are no perturbed forces acting, the particles of the fluid follow Lindblad’s
elliptic—epicyclic orbits. There is however an essential difference from the
stellar dynamical case in that our gas has only one velocity at each point at any
one time. Our initial conditions for gas perturbations are thus more organized,
and this organization leads to the density becoming large in places purely as a
result of propagation along Lindblad orbits.

We write ¢ for the gravitational potential, p for the density, u for the
perturbation in velocity and we let a suffix o or 1 represent an unperturbed
quantity or a perturbation, respectively. We assume the unperturbed fluid to
be barytropic with the equation of state

Po=xpq”-

The unperturbed equation of motion is
I
(1o . V)uy= Vi, — fe Vpo=Vxo, (1)

where Ky
Xo=%o— =1 po’ (2)

The complete equation of motion is

g_;‘ + [ +up) . V] @+ up) = Vg, (3)

where we have neglected the perturbed gravity and pressure. Subtracting (1)
from (3) and linearizing in u

%‘.; +(y.V)u+(u.Vyu,=o. (4)

Writing out equation (4) injcylindrical polar coordinates (R, ¢, ) we obtain

Jug oug
7+Q$—zﬂu¢—o (5)
and ou, ou, —
¥ + @ +2Bug =o, (6)
where u
Q(R)=+ @)

and U, duo>

BR=-+1 (% + 2 ®)
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Note that Q(R)= —Q,(R) where Q, is the positive angular velocity of the
galaxy in the conventional picture. B is the usual Oort ‘‘constant’’ since —u,
is the circular velocity.

We now transform to co-moving variables by writing

¢'=¢—Q(R),
t'=t, (9)
R'=R.
Then
a 0 d ]
ot ot od'’
d d
87: = 8767’ r (IO)
d d ; oQ 9o
R 3R "GR§’ |
so
d d 0
—_— —a~¢ = ﬁ . (II)
Hence from (5) and (6)
ou
and
Oy _ B I
Frmiedls (13)
therefore
azuR
E — 4BQug. (14)
We define
n2=4~BQs (15)
so the solution of equation (14) is
ug =wucos (nt’ +a), (16)

where % and « are arbitrary* functions of R', ¢’ and n is of course a function of R,
From equation (12) we deduce

u,=— 2% sin (1t + «). (17)

Equations (16) and (17) determine the perturbed velocity which may be used in
the perturbed continuity equation to find the density. The perturbed continuity
equation reads

%1 +Qg’;1 +div(pu)=0, (18)

* They must of course be periodic in. ¢’.

9
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which may be written using (10) and (11)
dp, 1 /0 oQ o ,
5?’-+IT’(-8_R’~t R 8¢>(R Po¥r) + =1 8¢ (Po%) 0. (19)
Thus
9, e
5 = (terms periodic in ¢’)

4 on sin (nt’ + o) — o4 9 sin (nt’ +
{PouaR/ o Po¥% =55 oR aqs Il(n d.)

0Q du
+ po == 3R 3% cos (nt’ +oc)} (20)

For the secular terms to vanish both u (the initial disturbance amplitude) must
be independent of ¢’ and
on  9Q O«

a—R' = ?R ég—, . (21)
(21) isimpossible except when both drn/dQ =m (an integer) and the disturbance is

such that a=m¢’. dn/dQ cannot be constant. Hence there are always secular
terms in dp,/dt’. 'Thus p, will be of the form

{ p1(R',¢") + (terms of period 27/n in t')

+1¢' (terms of period 27/n in t').

1= (22)
If it is remembered that ¢’ is constant for a point moving with the unperturbed
fluid motion then it is clear that at such a point the amplitude of the oscillating
density is growing with time. The physical reasons for this effect are interesting.

Firstly the dn/dR term arises because the period of Lindblad oscillations
depends on radius. Note that this term persists even for axially symmetrical
disturbances. The growth corresponds to the initially organized oscillations of
the gas becoming progressively more and more out of step at each radius. We
show later that the introduction of pressure eliminates this trouble for such
disturbances.

Seeondly note that the remaining secular terms only appear for non-axially-
symmetrical disturbances. The phase of the oscillations in the neighbourhood
of a cylinder R=R, varies with ¢. The shear therefore brings parts of the
disturbance with different phase and slightly different radius to the same azimuth.
Thus points on the same azimuth but with slightly different radius have velocities
that are progresswely more and more out of phase. 'This leads to the amplitude
of the density growing linearly with time. This effect is modified by pressure
but the density amplitude still grows (like #2) (see Section 6).

We do not believe that this interesting behaviour is directly related to spiral
arm formation. Although the density becomes very large the wave-length of
the disturbances becomes shorter due to the differential rotation. We shall see
presently. that conditions become less and less favourable to Jeans’ instability
as the modes become more and more sheared. All non-axially-symmetrical modes
are subject to this type of asymptotic behaviour in the linearized theory. Some
pioneering investigations of the non-linear theory which we hope to follow up
elsewhere strongly suggest that shock waves are formed which dissipate the
energy of the disturbance.
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These effects are not uninteresting in their own right. They are a mechanism
by which perturbations can feed on the energy of the differential rotation of the
galaxy and finally convert that energy into shock waves in the interstellar gas.
These in turn may, be an important source of both thermal and turbulent energy
for the gas.

4. Wave-lengths small compared with the size of the galaxy

In paper I we found that the critically stable modes of the uniformly rotating
sheet had wave-lengths of some 27 times the thickness of the sheet. This scale
is smaller than the radius of the galaxy. The large wave-length problem is much
more difficult mathematically for a differentially rotating galaxy, so it is expedient
to exploit the small scale expected of the critical modes. The present section is
devoted to obtaining the non-linear equations which govern the behaviour of
disturbances whose wave-lengths are small compared with the distance to the
centre of a differentially rotating* galaxy.

Equations.—The equation of motion in rotating axes is

3_U+(U V)U+2Q,xU—Q2R=Vy— —Vp, (23)

where U is the fluid velocity, w.r.t. the rotating axes and ,=(0,0,£,) is the
angular velocity of the axes. For our galaxy €, is negative in the right-handed
coordinates that we superpose on the 21 cm galactic map. R=(x,y,0) is the
radius vector from the rotation axis, i is the gravitational potential, p is the
density of the fluid, p is the pressure of the fluid. For polytropic fluid the
equation of state reads

P=kp?, (24)
1)
—VP v ( Py~1> y#1,
. P Y-
or r (25)
z Vp=V(xlogp) y=1I.
P
We write
Xx=¢- y_KI P y#ED,
or (26)
x=¢—xrlogp y=1.
Further we put
U=y, +u, (27)
where R
Uy =uy(R)p, (28)

is the velocity in the equilibrium state, w.r.t. the rotating axes and u is the

* Of course we may then specialize to the uniformly rotating case to obtain the equations
solved in paper I.

9*
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A

A A
perturbation. Using the identity R= —2z x¢ (hats denote unit vectors) the
equation of motion becomes

g—‘: + (. Viu+ (u. Viuy+22, xu+(u.V)u

p . (29)
- (7%- +2Q,u,+ QgR) R4y
For the equilibrium state itself u is zero so
Uy® A
(i +20,u,+ QER) R+ Vy,=o. (30)
'Subtracting, we obtain
du
E:-+(u(,.V)u+(u.V)u0+252axu+(u.V)u=VX1. (31)

So far the development is purely formal and the angular velocity of the axes is
arbitrary. We now concentrate our attention on the stability of a small portion
of the galaxy near some point at (R, ¢, 2) initially. We choose the angular
velocity of the axes to reduce the unperturbed motion of (R, dy,2) to rest,
uy(Ry)=0. We set up cartesian axes (x,y,%) with origin at (R, ¢,) and with
the x axis pointing outwards from the galactic centre. In the region about
(Ry, o) we may now expand the components of u, in a Taylor series

, x x%+ 9?2
(uOms qu uOZ) =ROuO [<°: 1'2—0 ] 0) + O (R_;y)] . (32)
0

du,
dR

Here u,’ is

R=R,

Oort’s constant 4 evaluated at R=R, may be calculated by remembering that
the circular velocity is — (%, + Q,R) and that u,(R,) is zero. Itis

A=3uy’. (33)

Substituting (28) and (29) into equation (27) we obtain

%‘ +2Axg_‘; +u,2AY+29, xu+ (u. V)u=Vy, (34)

where terms of order x/R, have been neglected but those of order z/\, where A
is the typical scale of the perturbation, have been retained. In a similar manner
we may obtain the non-linear continuity equation

d .
£+lepU=O; (35)
while for the equilibrium
| div (poup) =o. (36)
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Subtracting and using expressions (27), (28) for U

py dpy : —
= +2dx 5" div (pu) =o. (37)

Equations (34), (37) together with Poisson’s equation and the equation of state (26)
are our full set of equations. To within our approximation p, is independent of R
because

po(R, 2) = po(Ry, %) + xpy (Ro, 2) + O(x?/Ry?)

and presuming that R,/p," ~po the second term is of order x/R, times the first.
This is consistent with equation (30) to the order to which we are working.
We show this as follows:

. .
(% +2Q,uy+ Qa2R> =0 by our choice of Q,,.
R,

Hence Vy, vanishes at R=R, and it is radial elsewhere and proportional to x
(to first order). Thus y,=xo(0)+O(x?). To the order to which we are working
Xo» Po and ¥, are functions of z alone.

5. Models

In Section 4 we made the crudest form of small wave-length approximation
to the dynamics of a portion of a differentially rotating galaxy. We wish to note
here that those approximate equations are actually exact if they are thought of
as describing a certain physical model. The unperturbed state of the model we
describe in axes rotating with angular velocity Q,. The fluid is homogeneous
in x and y but is pressure supported against its own gravity in the 2 direction.
With respect to the rotating axes its unperturbed velocity is parallel to the y axis
and of magnitude 24x. In order that this should be an equilibrium velocity in
the presence of Coriolis force, there is an imposed tidal field which exactly
cancels the Coriolis force. The equations derived in the last section are the
exact equations that describe the evolution of arbitrarily large perturbations
superimposed on this model. We shall find that we need the full non-linear
equations to discover the real behaviour of this system. We shall treat the
polytropic sheets with y=1 and y=2 but, following our policy of discussing
the simplest problems first, even if they lack some reality, we shall also consider
the generalized Chandrasekhar problem. That is, the stability of a uniform
medium, of infinite extent vertically, which is uniformly sheared in rotating axes.

The remainder of this section is devoted to developments that are common
to these three problems.

We transform to sheared axes, co-moving with the unperturbed flow as
follows:

x' =ux,

"=y —24xt,

> (38)
2 =z,

t'=t.
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Then,
0 d d
— =_— —2A¢Y —
il A Vi
0 0 0
— = — —2A4x" —
%o - xay" (30)
5 2 39
55
R
3z 03"

The time derivative following the unperturbed motion is

%=%+2Ax%. (40)

Under thgﬂtransformation (38) the equation of motion (34) becomes:
%1-:-? —2Quu,+ (. V)u,= (aix’ — 2A4¢ 5?—),> X1» (41)
%% +zBum.+ . V)u, = %_1,, (42)
_g%+(u.V)uz=§;‘_}, (43)

where B=A+,, in agreement with Oort’s notation, when it is remembered
that Q, is negative. B is Oort’s constant evaluated at R,,.
Similarly the transformed continuity equation (37) reads

ops 0 , 0 0 P B
37 + (é;’ —2At @I> (puz)+ 5? (puy) + s (pu,)=o0 (44)

and the perturbed Poisson equation is
d , 0\ o2 02
[(a—x‘, —24t @,> + 8_y’§ + @5] Y= —47Gp;. (45)

Linearization.—Equations (41) to (43) may be linearized by dropping the
(u.V)u term, while equation (44) is linearized by replacing p by p,. The
linearized form of equation (26) is

x1=¢1—c2§, (46)

where ¢? is the variable kypy,’—* which happens to be constant when y=1.

These linearized equations have coefficients that depend on ¢’ and on 2
(through p,) but which are independent of x” and y’. This is in marked contrast
to the untransformed equations whose coefficients depend on x and 2 and are
independent of ¢ and y. It will appear later that our transformation to dashed
coordinates (which throws the inhomogeneity from x into t) is essential for a
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VA

Y'x+61)= const®
\ \Z

24x67
y'(T)=const

A

Fic. 1.—Uniform shear in rotating axes and sheared coordinates.

correct solution of the problem of real interest. We Fourier analyse in &” and y’
by giving the independent variables an exp i(l.ewx' +k,y’) dependence. The
linearized equations (41) to (45) then read, dropping the suffix ‘a’ on Q:

ou,

Fra - ZQuy =z(ka: - ZAt,ky)Xli (47)
Buy . (48)

rra +23um=1kyX1’ 4

auz _ aXl
il (49)
. 3

PL i~ 24k, e+ gty + 5 (pte) = © (50)
and e . 0 — 1nC (51)

[((kam2ath,p 22 25 | = 4G 5

Excepting for the present the special modes with &, zero we introduce the

new ‘‘time’’ variable 7 by
T=2At — Iigf . (52)
k, A
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Notice that the time variable now has a different zero for modes with different
values of k,/k,. There is important physical significance in this zero because
one finds by transforming back to x, y that

exp [i(ko2" + &,y )] = exp {i[kx + ky (y — 24x2)]}
=exp [tk,(— mx+y)].

This shows that our Fourier modes in &’ and y” are modes that are sheared with

the unperturbed motion of the fluid and that =0 when the (x,y) wave vector

of the disturbance is purely in the y direction. What this means physically is

that for each mode the time 7=0 occurs when the contours of perturbed density

point radially outwards from the galactic centre. We shall show shortly that

density perturbations grow fastest after they pass through this configuration.
Writing equations (47) to (49) in terms of 7 we obtain

(53)

Q .
= Sty = ik, (54)
B .
iy + 4y =1kxs,  and (55)
I 0y
=24 5z’ (56)

where dots denote differentiation, w.r.t. = and

k

=_Y

k= 24 ¢ (57)

Similarly, equations (50) and (51) now read

. . 1 0
pl_ZkTPOua:+ZkP0uy+ Z_A a—z/ (Pﬂuz)=o (58)

and
o2

[ kA4 o | — 4G (59)

It is convenient to derive here the z component of the vorticity equation.
Multiplying equation (55) by —7k7 and adding it to —ik times equation
(54) we obtain

., 0 ., B
—zka—T(u$+1—uy)+zkz(—mx+uy)=o, | (60)
where we have used the relation Q= —Q,=B—~A4. Similarly, we take the

two-dimensional divergence of equations (54) and (55) by multiplying (54) by
—tkT and (55) by +:¢% and adding:

ik ai (1, — Tu,) +ik % (i +uy)+ 2tku, = — B3(1 + 7%)x,. (61)
T

We cannot proceed further without knowledge of the way in which our variables
depend on 2. To this end we turn to more specific models.
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6. The sheared infinite medium

In this section we attack the generalization of Chandrasekhar’s problem
which includes not only rotation but also uniform shear. The medium is
assumed homogeneous and of infinite extent in all directions.

As we have explained in paper I the greatest interest attaches itself to the
stability criterion for Chandrasekhar’s singular modes, which have wave vectors
perpendicular to the axis of rotation. For such modes there are no variations
in the 2 direction and we may put

d
0z’

With these restrictions the continuity equation (58) reads

=0 and U,=o0. (62)

th(—1uy+u, =-f (63)
0

Substituting this value of — 7u,+u, into the vorticity equation (60) we obtain

d . B p;
d—q_[-ik(uz+m1l) - Z p—():l =0 (64)
t
and therefore — ik + T10y) — g P1_ ¢, =const. (65)
Po

The constant C; is necessarily small and represents the perturbation of the
vorticity per unit mass (multiplied by p,/24). If the perturbations are caused
by a time dependent gravity field or by an external pressure, applied to the
unperturbed state, then Kelvin’s circulation theorem holds exactly and C;=o0
since it is zero initially in the unperturbed state. If however, the system was
never quite in its unperturbed state or if it has had worse perturbations applied
to it (which generated vorticity) then C; will not be zero (except by conspiracy).
From equations (63) and (65)

k(= Uy +uy)=— 2 = 6, (66)
Po
. _ Bp, B
th(u,+ Tu,)= 17 7 E) =-C; Y 6y, (67)
0 iR(1 + 2)u, = — 76, — C, — g 6,. (68)

Equations (66), (67), (68) may now be used to eliminate the velocities from
equation (61) to obtain

. Q B 2 . B
Ot 5 (= Cim30) + 12z (A= G- 30) = =BG+ 69)

which simplifies to the form

. ) B BQ
d/ 6 i & acy . (70)
d—7'<1+1'2) N (1+7-2)2+ 1+ 72 (01+ T) =k
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From equations (59) and (46)
_ 4’7TGPO _ 2
X1 = (kyz(l +‘7'2) ¢ ) 01’ (71)
where
L

For simplicity, taking non-vortical perturbations so that C; =0 we have

B BQ =Gy, ]
d /6 A E T A ke (72)
dr \1+7 (1+72)2 1+ 72 4 A7

The equation for the axially-symmetrical ‘‘ring’’ modes with k,=o0 may be
obtained from this by writing out = in full and performing a limiting procedure.
With an arbitrary zero for = one obtains

BQ  =Gp, k2
- fo (73)

d -
;) + <A2 AT A

[ 2

This equation is simple harmonic so the waves are stable or unstable

according as

‘ring’

4BQ — 4nGpy+k22>0 or <o (74)
respectively.

Apart from the factors 1+ 72 which arise from the varying wave number of
the non-axially-symmetrical sheared modes, the main difference between
equations (72) and (773) is the extra term (2B/A)/1 + 7% in the former. Since B
1s negative this term tries to make the solution of equation (72) grow exponentially.
This growth will occur even at densities too low to make the ‘‘ring’’ modes
unstable (74). If the density is secularly increased the first modes to show
considerable growth are sheared. As explained more fully in what follows the
period of greatest growth occurs after the time 7=0 (when the lines of equal
density point radially). When growth has occurred those lines will be trailing
(to form a spiral pattern if we are prepared to put several of our small-scale
analyses side by side).

Equation (72) is the prototype of equations with similar behaviour that we
shall be led to discuss for sheets of finite thickness. We shall here discuss the
form of its solutions in some detail because we believe them to be closely related
to the mechanism of spiral arm formation.

Comparison of the ‘‘ring’’ modes with the others is best made through
equations (72) and (73), but a discussion of the form of the solution of equation
(72) is best effected by transforming to the new variable

O =0,(1 + 7)1, (75)

Equation (72) then takes the form

B
2——2 ’
z 3 A B(B—A)—=nGp, k12c? 5
®=o.
o [(I+Tz)2 " (1+72%) * A? + 44?2 (1+r )] o (76)
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The factors (1+72) are only as small as 2 for the period —1<7< +1. Let
us consider the situation when the ‘‘ring’’ modes are just stable so that
[B(B—~A)—nGpyl/A?% is very small. Then for || large the coefficient of ®
is dominated by the large pressure term, and the solution of the equation
oscillates. However, when || decreases to near zero the 3/(1+7%)? and
—2(—B/A+1)/(1+7%) terms become of greater importance. Note that B is
negative so that provided —B/A4>$% the second of these terms is always
the larger. If we now take long waves so that k,%?%/44%2<1 then the
~2(—B/A+1)/1+7* term is dominant for small 7, so the coefficient of ®
will be negative and the solutions will therefore grow quasi-exponentially.
However, the period of growth is limited since |7| will again become large which
will again change the character of the solutions to oscillation. To sum up, the
solution will start by oscillating when the waves are pointing forward. As the
differential rotation sweeps them round through the straight out posmon they
© go through the period of greatest acceleration (in the sense that ®/® is largest).
The greatest actual rate of growth of @ is achieved later when @ has itself grown
and the waves trail. However, considerable trailing is associated with renewed
dominance of the pressure term and renewed oscillation at the greatly enhanced
amplitude. Since the equation is derived from a linearized analysis it will not
remain true if 0, ever achieves values of order unity. Thus, if in the period of
growth the perturbations in the density become comparable with the unperturbed
density, the predicted return to oscillatory character need not occur. For the
stratified isothermal sheet discussed later we show that it is energetically possible
for the non-linear modes to continue to condense rather than to revert to
oscillatory behaviour.

7. The vertical equilibrium approximation

In paper I we found that in all modes close to marginal stability the vertical
accelerations were small compared with the perturbations of the gravity field:

ou, O
o = = (77)

In that problem 9/0¢ is the time derivative (in the uniformly rotating axes) that
follows the unperturbed motion. The analogue in our problem is 2A(8/81-)
If we write out equation (56), using equation (46), it reads

auz _ alr[’l _ aXl
24 ol i 6’_’ (kype’2p1) = = (78)
Assuming analogously that
auz 0
2452 < 4, (79)
we have
dx1
e SO (80)
Hence :
x1 = Ay (7). (81)
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Physically the above approximation neglects any inertia of the fluid to vertical
movement. The fluid is thus infinitely responsive to vertical forces.

With y; independent of z it follows from equations (54) and (55) that both
u, and u, can be independent of z*. We therefore integrate equation (58) from

%= —a to = +a and apply the boundary conditions as in paper I to obtain
¥y + Ztk(— mi, +u,) =0, (82)
h v
where S+, = f pds
edge

(the edges being the perturbed edges). Equation (82) is the surface density
continuity equation; when written in the form

. b
th(— Uy +u,)= — = (83)
20
it is closely analogous to equation (63) for the infinite medium, and the same
analysis yields from equation (60) the equation similar to (67)
. BX
—ik(up+ 1) — - i;l', = C,*=const. (84)
Similarly, following the analysis of equations (68)—(71), we arrive at the equation
analogous to (72) which reads

,B BQ
d [ 6;* 4 Az .. ACH (85)
Zr<1+1-2)+ GroE I (01 T3 >_kX1'

The only difference is that 6,* now stands for X,/%, rather than p,/p,, that is,
0,* is the fractional increase in surface density.

To proceed further we must solve Poisson’s equation (59) making use
of the boundary conditions and the fact that y,=A,(7) is independent of z
(equation (81)). We have already done this calculation for the cases y=2
and y=1 in paper I but, comparing equation (59) and paper I equation (38),
we see that we now have & 2%(1 + 72) written where k2 alone stood before. This
is hardly surprising because we see from equation (53) that our ordinary space
wave number at any time  is indeed k,(1 + 72)2. Thus the || of the boundary
conditions of paper I should also be replaced by this quantity. The solutions
for y=2 and y=1 follow those of Sections 8 and g of paper I (except that we
now omit the O(w) terms owing to the vertical equilibrium approximation).
We thus deduce paper I equation (130) which may be written in the form

221=K2F(K)A1, ~ (86)

where F(K) is defined by the identity (135) of paper I (written again below) and
K?=FR2a%(1 + 72) (87)

* We assume this to be the case since it is true of the critical modes in the differentially rotating
case. ’ . .
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in the present context:

(22K - HLHT—1)+ (23 + 1)K+ T)

F(K)= L2T+f-K (88)
where
L2=72-K?, (89)
VAES 2mG a®= (%2 for zero halo pressure) , (90)
K
_ 2apy(a)
f= Eo ’ (91 )
and
T= Iftan L. (92)
From equations (57), (87), (86)
k2 K2A, K2y 6,*
2 =
Bh= 1 4A2 Ar= 4A4%(1+7?)  4a*4% F(K)(1+?)’ (93)

so for y=2 equation (85) reads—dropping the vorticity term C,*—

B BQ P

2 — —_— i —
4 6,e A F TR |4, (94)
1472 (1+72)? (1+7%) ’
where
_ 7GLy kX,
P= A27224 4a3A%’ (95)

In discussing equation (94) it must be remembered that K itself contains a
factor (1+72)Y2 and so 1/F(K) changes with time. The equation for the
““ring”’ vibrations of the y=2 sheet is similar, but simpler, like the situation for
the infinite medium. It reads

d . BQ P .
2;(01') + (F — m) 0:*=o. (96)

Similarly the equations for y =1 isothermal sheet read (for non-radial vibrations)

, B BQ P
d [ 0* 4 A4 gm) oo (97)
dr \1+72 (1+7222 " (1+77) !

and for radial vibrations

700+ [ - | ae=o, (98)
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where , mGpg 37Gp
P'= 4 T 2 4% (99)

—m?2 ©
(1 _ m(1 —m?) ,T'<T+I)=E—L_—'é’
8m) ot me (g + 1> 2 r=1 (%n + r) (z00)
_ky 12 _ ke |
m—a(1+72) ) m, = R (101)
and
_ ZWGPC

ky2 = . (102)

c2

F and g suitably normalized define functions ¥ (see paper I).

Ir
%:1
1-0F ————y =2
0-5F
0 !
4

-05F

~-1-0fF

FI1G. 2

The functions 1/3 are plotted in Fig. 2. . Reference to these graphs enables
us to draw qualitative conclusions about the behaviour of the equations for 6,*.
We shall be interested in that particular range of parameters (4, B, p) for
which the ‘““ring’’ modes (as expressed by equations (96) or (98)) are just
stable. A discussion of the growth of sheared modes for these parameter values
will be the topic of this section. In what follows we shall restrict our discussion
of the equations for y=2. This makes the treatment less cumbersome and
involves no loss of generality since the y=1 equations behave completely
analogously to those for y=2.
We begin by observing (from equation (96)) that some ‘‘ring’’ modes will
be unstable unless
(PA2F)= "0 ) - 7P
BO > max (PAYF)= 2 max (F ) = - (103)
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We shall denote by K the value of k,a at which 1/F(k_ a) attains its maximum
value. Hence, we are interested in values of the parameters (4, B, p) for which
BQ is infinitesimally larger than 7Gp/4-44. We now proceed to a discussion of
equation (94) for sheared modes using the appropriate parameter values.

K, the argument of F(K) in equation (94), varies with 7 as 4/(1+ 7%).
K starts large when  is large and negative and decreases to its minimum value
of k,a at 7=o0. It subsequently increases again as = becomes large and positive.
If k,a < K then there will be two times, + 7o, when K=K. At these values
of 7 and for a range of 7 about these values, the coefficient of 6,* in equation (94)
will be negative (to see this we must remember that both B and Q are negative
quantities). While this coeflicient is negative 6,* will in general exhibit a rapid
growth. As we are interested in the growth of 0 * we endeavour to choose k,a
such that this growth is maximized. By a mixture of foresight and hindsight
(as provided by computing solutions on EDSAC) we find that the appropriate
value of k,a is about 4 but it varies with both ““a’’ and y. For this best value
of k,, 0,* grows by a factor of ~10*7+! when we integrate equation (94) from
7= —10 to 7= +10. Graphs of 0,* versus = are given in Figs. 3, 4 and 5.

Growth mainly occurs after r=o. Since BQ/A4%— P/F(K) is always positive
the term that provides the negative part of the coefficient of 0;* is (B/A4)(1 + 72)~2.
This is greatest in magnitude at 7=o0. Maximum growth occurs when & a is
chosen so that BQ/A%— P/F(K) reaches its maximum near 7=o0 also*.

Computation procedure.—QOur procedure was to choose a value of B/4 (in the
first instance the value — 3% for the solar neighbourhood). For this value we
set P so that equation (96) was just stable. We then used these values in
equation (94) and computed from 7= —10 to 7= 4 10 with the starting values
6,*=1, 6,*=0. For the linearized treatment the initial value of 6,* is of course
unimportant and can be scaled to any required value. We made a number of
runs with different values of k,a seeking that value which gave the greatest
growth. We also made runs with oscillations out of phase with the above by
choosing 6,* to be zero initially and 6,* non-zero. The results may be seen
from the graphs (Figs. 3, 4 and 5). These are all computed for the isothermal
y=1sheet. Similar results were found for the y =2 sheet.

8. Non-linear problem

We shall again make a vertical equilibrium approximation by neglecting the
inertia of the fluid in the vertical direction. With this assumption equation (43)
yields

X1=A1(t”x”y,)' (104)
With y, independent of z the velocities u, and u, may be taken independent of =
from equations (41) and (42).

To proceed further it is easiest to return to unsheared axes and so to use the
equation of motion in the form (23). It is also convenient to introduce a
two-dimensional notation so that U=(U,, U,), etc. To emphasize this change
we shall give all our vector operators a suffix 2. Thus

U, dU

Y

lezU-— ax +—a? | (105)

* Actually before =0 as may be seen by more careful reflection using the graph of 1/F.

© Royal Astronomical Society ¢ Provided by the NASA Astrophysics Data System

120z Ae\ L1 uo Jesn sjewss 06/ L0 Aeiqi OIS AQ 0860092/GZ L/2/0E L /elo1e/SeIuW/Wwoo dno olwepeoe//:sd)y woly papeojumod


http://adsabs.harvard.edu/abs/1965MNRAS.130..125G

255,

FT9B5WNRAS 130

144 P. Goldreich and D. Lynden-Bell Vol. 130
oX or 273 o= x10°"
8T ¥
10 0¥ ———
L
6 -
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4 -
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8.2 =4-5x10"
e*
10 0% ————

W N WD oo N ¥

——
——

_2 L

-3t

-4 F

-5 L

-6}

-7f

Fi1c. 4

and _9du, au, 6
cur, U= %y (106)

We also use the convective derivative

D, 0 0 P

Di =5t Ve tUvgye (107)
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f:—a kT=7x107"
9r
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i 100 6% ————
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5 -
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-6/ B84 S8 -2 A 0 5| 6
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\
\
In this notation equation (23) reads
D,U
D2t +2R2,xU-QR=V,y, (108)

where £, x Uistomean (- Q,U,, Q,U,). Thethird component of equation (23)
reads o=o0 thanks to vertical equilibrium.
We write
w=curl, U+2Q, (109)

so that w is the total vorticity in inertial axes. 'Taking the curl, of equation (108)
we find
Dyw

where to derive this equation we have used the identity
curl, [(U. V,)U]=(U. V,) curl, U+ curl, Udiv, U. (111)

Equation (110) may be written
D, . '
oy (log w)+div, U=o. (112)

This equation is similar to the surface density continuity equation which we now
derive by integrating equation (35) through the sheet:

X .
a7 +div, (ZU) =0, (113)

I0
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which may be written

15)3 (logXZ)+div, U=o. (114)

We subtract this equation from equation (112) to find

gt (log z) (115)

This is the convenient form that Kelvin’s theorem takes when the horizontal
motions are independent of height. For our non-linear discussion we shall
consider only perturbation from the equilibrium state caused by perturbing
pressure forces or by forces derivable from a time dependent potential. In that
case equation (116) holds even when the perturbations are being applied, so we
may take as its initial conditions the values in the unperturbed equilibrium.
Thus
2B

w
- = — 116
where B is Oort’s constant.

We now derive the two-dimensional form of a remarkable equation due to

Hunter. Taking the div, of equation (108)

au ou;
dx x,

J

(d1V2 u)+ —2Q, curl,u=V,2y +2Q 2, (117)

where we have adopted the summation convention that terms with repeated
indices are summed over x and y.

We write
1 (9U; U,
Ez'j ; (ax -+ a—xz'> ) (118)
S0
10U,9U;, 19U, oU;
EijEﬁ: 58_— ax t3 2 dx; ax (119)
but

Ho—2Q,)P= -~ —— - — (120)
so

oU, dU;
axj 7 ! = E,E;— $(w—2Q,). (121)

Substituting this in equation (117) and evaluating (117) by means of the
continuity equation (114) we obtain

th (log 2)=3(w—2Q,)2+2Q,(w—2Q,)—E;E;+2Q 2+ V,2y, (122)

and therefore

D 2
1_)it2 (logz) = _w2 + EUEI? V2 X> (123)
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which is the two-dimensional form of Hunter’s equation (8). Using equations
(123), (27) and (33) we find

D 2 2B2212
ogX)= + eye;+2A42 -V, 2y, 12
where
I /Ou; Juy od '
eff"i('a‘g*a‘g) -5~ (35): (125)

For the unperturbed state
o= —2B%+24%—V,2,, (126)
so subtracting

Dy | 2 i V.2
D (log2)=2B (1 = 2_:0—2 + €65 — VX1 (127)
where
X1= X~ Xo- (128)
Now
ee;i=1Tr(e.e)=e; +ey (129)
when e is written in principal axes. But
e, +ey9? > F(ern +e) (130)
Hence,
ey > be?=H(divyu [ (lo gz)] (131)
80

Do (ogD)>am (1= ) + [ 2 oem) | -Vt (32)

Even with the assumption of vertical equilibrium our form of Hunter’s
equation is not equivalent to the full equations of motion. In this sense its use
in our problem is similar to that of the virial theorem in many dynamical problems.
While not enabling us to find explicit solutions of the equations of motion it
still allows us to draw general conclusions about the behaviour of such solutions.
In particular, we shall use Hunter’s equation to ascertain the conditions under
which instabilities can continue to grow once non-linear effects become important.

We shall restrict our treatment of the non-linear stability problem to
disturbances which are the non-linear generalizations of a sinusoidal plane
wave instability. This is not to say that more general disturbances cannot be
treated by the same method. We make this restriction simply because this
particular class of instability is the most relevant one to spiral arm formation.
From our study of the linearized stability problem we know that the unstable
plane waves have wave-lengths which are at least several times the characteristic
scale height of the sheet. For disturbances with this property we may observe
that the vertical behaviour of the density can be approximated by taking the
z dependence, at a given (x,y), the same as that for an entire sheet with central
density po(x, ,0). Thus the scale height of the sheet at any point (x,y) is given
by m/k, where

ko= J [M] and cE=yKpy""Y(x,y,0) for p=Kp".
10*
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Within this approximation it becomes a simple matter to estimate the terms on
the right-hand side of Hunter’s equation. Before making these estimates there
is one further point which must be mentioned. In analogy to the plane wave
disturbances discussed in the linearized theory, the disturbances that we shall
consider will be constant on lines given by some time dependent linear combination
of the x and y coordinates (at fixed 2). However, unlike the sinusoidal plane wave
instabilities, the scale lengths, perpendicular to the wave fronts, associated with
the regions of enhanced and diminished density need not be the same.

We define &+ and &k~ such that =/k+ and =/k~ are the scale lengths associated
with regions of enhanced and diminished density respectively.

The form of Hunter’s equation which is most convenient for our purposes

is given by equation (132) and rewritten below:
D2 2 1D, 2 \ \ c*logp =1
e ) 4+ 2| 22 -
D5 (logXZ)>2B <1 202) + I:Dt log;:l Voo + V2 L yke O
y—1

(133)

In the form given above, the terms on the right-hand side of Hunter’s
equation are especially easy to estimate. We shall beinterested in the X dependence
of these terms in regions of enhanced density. However, a brief interpretation of
these terms shall be given first.

The — V,%);, term contains the condensive force of gravity; the

c?logp y=1

Vo2 |y

y—

term is the disruptive force due to the pressure; the —2B%*(22/X2—1) term

gives the effect of the centrifugal field in opposing condensation; finally, the

e;¢; term, which is condensive, is likely to be qulte small compared with the

others. We have inserted 1(D,/DtlogX)?<e,e,; in its place and shall pot
consider it any further.

We now proceed to estimate these terms in the regions of enhanced density.
Only these regions are considered since we are interested in the growth of density
instabilities. Under the assumptions concerning vertical equilibrium and the
scale lengths of perturbations made in this section we see that

CPTh y#I

l.’l lJ

c?logp y=1
V22X1 = sz‘// - V22 YK
y—1 I
yTIP y#

and is independent of 2. Its terms can be estimated as follows
2
V2=V — 2_9_56
In regions of enhanced density
Vi) = — 4aGpt= — (k¥ + k§2).

+2
Hence V2 — 47Gpk .
(k¥ + k5%
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Similarly
ctlogp y=1
2 ~ b+2 -1
vV, yafl PR ~ ket 2ipr L, (134)

In order to compare the two terms above with each other and the term arising
from the centrifugal field, we must express p* and k; in terms of Z+. This
is easily done using the definition of

2= fpdz: 47TG’DO.

kq

Since
270G
e J()ee
we have
EOCpC"/z or pCOCZZ/V.
Hence

kooc X2y,

This tells us that the terms in Hunter’s equation due to the pressure, the
rotational field and the self-gravity of the disturbance behave as

k2 +2v-Dly. ,B2 <I —_ 2__*-2> and kel
’ Y 2 A\ 2-~vly
Z0

respectively as X+ increases. (k,™ is the initial value of k,*.)

Until non-linear effects become important, i.e. until X+ -2 /%, becomes of
order unity, the terms above can be replaced by their expansions to first order
in X+—-%,/%,. In this case y enters Hunter’s equation only through the
coefficients of these terms. This accounts for the insensitivity of the linear
approximation to the value of y which is used. However, once the non-linear
realm is reached the terms above depend critically on the value of , since y now
enters into the exponents of the pressure and gravity terms.

For the instability to continue to grow once non-linearity becomes important
the gravitational terms must grow at least as rapidly with X+ as the other two
terms. This can only happen if 2+ grows like (£+)S.  Setting the initial value
of k+ equal to k" we find that (if we restrict ourselves to y>1) y=1, 1>S5> %
is the only solution which allows the gravitational term to dominate the others
as Xt/ increases.

We now see that in isothermal sheets, a mode which is unstable in the linear
approximation will continue unstable in the non-linear realm provided its
““wave-length *’ as determined by S, also changes with time.

9. A physical mechanism for spiral arm formation

9.1. Qualitative considerations.—In the mathematical sections of this paper
we have shown that small perturbations of a differentially rotating, stratified
sheet of self-gravitating gas may be considered as a superposition of density
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waves which are sheared by the differential rotation. The analyses of perturbations
in terms of these sheared modes turned out to be very fruitful. It allowed us to
extend the concept of instability to include cases in which growth occurs only
for a limited time (at least in the linear approximation).

From the equations that we have derived governing the growth of these
modes, we have drawn one outstanding conclusion. It is that even when all
purely radial disturbances are stable, there are still some sheared waves whose
amplitudes grow by factors of more than 100. Moreover, this growth occurs
for waves of a well-defined wave-length and begins as the lines of constant
density are sheared past the radial direction. If the initial perturbations are so
small, that even after this growth has taken place they remain small, then the
growth gives way to oscillation as the trailing wave is stretched out by the
differential rotation. However, if the initial perturbations are greater than
1 per cent of the unperturbed quantities, then non-linear effects will become
important and the oscillations predicted by the linear theory may not arise.
In particular, we have shown in our discussion of the non-linear problem
(Section 8) that it is energetically advantageous for the growth of perturbations
to continue into the non-linear range, provided that the gas is isothermal.
However, if the energy of collapse is stored as thermal energy, condensation is
eventually halted and the system will ‘‘bounce *’.

We are now in a position to apply the results of our calculations on gravitational
instability to the theory of spiral arm formation in normal galaxies.

9.2. Proposed theory of spiral arm formation.—The pressure support of the
interstellar gas is turbulent in origin. Hence, in the absence of energy sources
it will die down. The gas sheet will become thinner and the total density will
increase. Eventually wGp/4B(B— A) will become so large that considerable
growth of certain sheared perturbations will ensue. Modes of optimum growth
potential will have small initial amplitudes and point forwards (with respect to
the direction of rotation). As they are swept around by the differential rotation
their amplitudes will begin to grow. Greatest acceleration will occur when
they point straight out from the galactic centre. The perturbations will grow
to a magnitude at which the linear analysis is no longer a good approximation.
However the gas will be able to radiate away the gravitational energy released
during the collapse enabling the growth of the condensation to continue. At this
stage a trailing spiral arm has been formed. We assume that at this point stars
are born in the growing condensation. The new stars will stir up the interstellar
gas. This extra turbulence will again increase the thickness of the gas layer of
the galaxy and reduce its density below the level for instability. When the
brightest new stars have died the turbulence of the interstellar gas will begin to
diminish, instability will ensue, and the process will be repeated. Thus generation
after generation of spiral arms will form, wind up, and disperse. The main
secular effects will be the depletion of the gas (which will have to form a slightly
thinner sheet each time) and the relaxation of the stellar motions by the gravity
fields of the recurrent instabilities.

Although the excess density which causes the instability is produced by the
thinning of the gas sheet, nevertheless, a considerable fraction of the total density
may reside in the stars (as in our galaxy). Jeans’ instability of a uniformly
rotating system of stars may be shown to occur, for waves perpendicular to the
axis of rotation, if 47Gp > 4Q2, exactly the same criterion as that for instability
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in a rotating gas*. Jeans’ gravitational instability thus occurs for stars in much
the same way as it occurs for gas. Spiral arm formation should not, therefore,
be regarded as an instability in the gas but rather as an instability of the whole
star—gas mixture which is triggered by an increase in gas density.

Once the instability has developed into the non-linear range the difference
between the stars and the gas will become important. The stars will conserve
energy so their instability will be resisted by the non-linear terms. By contrast
the gas can easily radiate the energy of compression in the time available and can
therefore continue to condense.

In the absence of a more refined mathematical theory in which we can treat
the stars and gas as separate fluids we must use the approximate criterion that
when

7Gp,
+B(B—A4) > ~10f (135)

considerable growth can occur.

The modes that grow most in our investigations have wave-lengths of about
4nT (when they point radially). Here 7, the thickness of the galaxy, is defined
as T(R)=2(R)/p(R). In the solar neighbourhood T ~8o0o pc which makes the
wave-length embarrassingly large for something deduced from a small scale
approximation. Of course this wave-length will decrease as the shearing proceeds
so that when the waves have been swept around to make an angle « with the radius,
the wave-length will be about 47T cos«. The equivalent length in a more
complete theory which allowed for the curvature effects in the galaxy would be
related to the distance between spiral arms. In our theory it can do no more
than indicate the sort of length scales involved in growing condensations. They
are in the right range for spiral arms when suitable angles « are used.

From a local theory we cannot produce any preference for the formation of
symmetrical two-arm spirals. However it seems likely that the instability leading
to them is a somewhat more organized form of the one discussed here.

10. Observational consequences and predictions

Perhaps the most important prediction of the theory is that anywhere in any
spiral galaxy (except in the nuclear bulges) the star—gas mixture must be on the
borderline of gravitational instability. For stellar velocity distributions whose
smaller axis of dispersion in the galactic plane is not considerably greater than
the axis normal to the plane this leads to the prediction

wGp
BE-4) " (136)

A discussion of the exactness of this number is not inappropriate. For a
galaxy that is all isothermal gas it should be o7 if ring instabilities are critically
stable. However transverse modes would form spiral structure even before that
so the number might be slightly further reduced to 0-6 say. For galaxies of stars

* It is a simple matter to make the slight extension of the result proved in (9) to cover waves
exactly perpendicular to the axis of rotation.

+ This number is rather sensitive to anisotropy in the pressure. For y=1 it is o-7 for isotropy
and 1-8 for an anisotropy corresponding to sound velocities in the ratio of 2-1 : 1 between the
direction of wave propagation and the vertical. For y=2 it is 1-1 for isotropy.
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the problem is aggravated by velocity anisotropy and with no velocity dispersion
normal to the plane but considerable dispersions in the plane the number would
become infinite, the stability being dependent on the surface density as discussed
in the note after paper I but with B(B— A4) replacing Q2 (which takes account
of the differential rotation exactly for ring modes). For the ring modes near
the Sun with the observed anisotropy of 2-1: 1 the number would be 1-8 but it is
the sheared spiral arm modes that are really relevant to the problem because these
are more unstable on two counts. Firstly as discussed above even when pressures
are isotropic sheared modes show instability while ring modes are stable.
Secondly as discussed in Appendix II of paper I the lower velocity dispersion in
the tangential direction should favour sheared modes. From that note and the
replacement 4Q2>4B(B — A) we see that these transverse sheared modes will be
on the verge of instability if 7Gp/4B(B — A) is slightly less than 1-3(5). This is
in striking agreement with Jones’ (10) discussion of the best value of the total
density of gravitating matter derived from observations. Correcting his value
for B= —10, A=15 we obtain from observations

p=2po=6.10"% gm/cm?
and

~Gs (136)
B~

This is probably better agreement than we deserve.

Unfortunately in external galaxies the velocity anisotropies are not observable
but, assuming that they vary from isotropic to somewhat beyond those found at
the Sun the expected range of #Gp/4B(B— A) would be from 06 to 1-5.

In our theory the central line of the condensing material moves with the
differential rotation. Hence, we can also make a prediction of the shape of spiral
arms. If (R,#(R)) is a general point on the central line of a spiral arm and if
(Ro, do) is some reference point of the central line of the same arm then

P(R) — o= (QR) — Q(Ry))¢ (137)

is the equation of the arm at time ¢ after the embryo arm pointed radially. This
is a reasonable starting time since the acceleration ,*/6,* is greatest about then;;
it is always the initial stages of growth that are crucial to the development of
gravitational instability.

Formula (137) is also open to observational test. Consider an open armed
spiral whose planes make an angle of about 45° with the plane of the sky.
Furthermore we assume that it has reasonably continuous arms, or at least a
number of pieces of arm that overlap in radial distance from the galactic centre.
Then, if the tilt of the galaxy can be estimated ¢(R)— ¢, can also be estimated.
If the velocities can be measured then Q(R)— Q(R,) can be determined up to
amultiplicative ‘ distance scale . Hence a plot of ¢(R) — ¢, against Q(R) — Q(R,)
should yield a straight line whose gradient is the product of ¢ and the constant
entering the distance scale. Disconnected pieces of spiral arm should have
different values of # since we have no reason to suppose that they started to form
at the same time.
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Other consequences of this theory that have not been exploited in this paper are :
(1) the possibility that the shock waves which seem to be an inevitable
consequence of differential rotation, will play an important role in stirring
up the interstellar gas;
(2) the strong relaxing effect of the growing spiral arms on stellar motions.
Mechanism (1) may actually provide the feedback which keeps the gas sheet at
the right density. A growing spiral arm will provide pressure perturbations for
other modes ; these will feed on the energy of differential motion before dissipating
it in shock waves which produce heat and turbulence in the interstellar gas.

¢ °

90°T

sk ¢ versus‘fl

o

707

3

i
ol
~}
]
w
—h
Q

FIc. 6

It is important to realize that equation (135) contains the key to the building
of more or less unique models of flat galaxies based on observations of velocity
laws. It is well known that the balance of centrifugal force and gravity leads to
a distribution of surface density X(R) for a disk. Equation (135) shows that
when the velocity law is known the mean density g(R) is determined. Thus the
thickness T(R)=ZXZ(R)/p(R) is also determined and the balance between the
stellar motions and the gravity on to the disk will determine the vertical velocity
dispersion ¢,% (R). It is clear from Figs. 3, 4 and 35 that for different values of
|B/A] the wave-lengths associated with the greatest growth vary from about 27T
(T =thickness of the galaxy) for large |B/A]|, such as 10 or 3, to about 47T for
the more greatly sheared cases, |B/4| =2 or §. Another result of the computations
is that growth by a given factor is attained at smaller values of = for the larger
values of |[B/A|. Initial perturbations of given size will grow into the non-linear
regime before they are very violently sheared when the galaxy is nearly uniformly
rotating. They will be more tightly sheared for strong differential rotation.
If we take as a representative point the value of the shear angle ¢=tan—1+
when growth by a factor of 50 is attained then we find the graph of Fig. 6.
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This could be related to the difference between open and tightly wound
spirals in which case our prediction would be that the more open spirals rotate
more uniformly (i.e. have the larger average values of |B/A4]). However, this is
not an inescapable consequence of the theory because the more open spirals
are notably more messy and may therefore generate larger initial perturbations
than the tight spirals. Smaller growth factors could therefore bring such
perturbations into the non-linear regime. If equation (137) were observationally
checked in at least one galaxy one would have some confidence in applying it
to face-on spirals in which the velocity law is unmeasurable. By combining
results from several pieces of different arms it should be possible to build up a
picture of the variation of Q(R) with R, determined up to a normalizing constant
(and possibly a zero point). This provides a method of determining mass
distributions (but not masses) for face-on spirals.

There is also the less certain prediction (discussed in Section 10) that the
more open armed spiral galaxies should rotate more uniformly than the tightly
wound ones.

Assuming the velocity dispersion tensor

o(r)= ffccd"c/ffd"c, (138)

where f(r, ¢) is the distribution function (weighted with the masses) always
has one principal axis vertical, we may deduce Jeans’ stellar hydrodynamical
equation in the form

0 0o
5 (Poz2)=p a—i" (139)

We have also assumed a steady state. Further for a stratified distribution

a 2
8%‘ == —4wapdz. (140)
Thus ’
po.cls'=—47G [ o(e) [ o)’ ds (141)
0 0 ‘
and hence
: 2
[Pczz]ozz -G [ fp(z) dz:l ’ (142)
0

where the right-hand side has been derived using an integration by parts.

Hence
e o]

WG[ JP(R’z)d{Iz (143)

Ro)= — ==
GZZ( ,o) 2 pO(R) ’

where po(R) is the density at the centre of the sheet. Now py/p=1'5 for y=1
and pg/p = 4/ for y=2 which shows that this ratio is insensitive to the value of y
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(in the range of interest). Hence, even if o,, varies somewhat with height
(as it does for a y=2 sheet) we may expect

WGLi“R”T | (144)

O T e
2
= 5 GT%. (145)

Thus not only the surface densities but also the mean densities, thicknesses,
and velocity dispersions can be derived from velocity curves for spiral galaxies,
provided that we assume the vertical velocity distribution is not much smaller
than the least dispersion in the plane.

11. Further problems

11.1. Barred spirals.—The gravity field of the bar must dominate the
dynamics of at least the central regions of barred spirals. Thus only in the
outer parts can a theory of the type presented in this paper apply. However
the near uniform rotation of barred spirals removes the winding problem which
makes it much easier to construct theories that are plausible. In this section
we discuss a theory that has been developing at the hands of a number of authors.

If a cloud is falling together under its self-gravity and in the absence of
pressure support then any initial inequality of axes will be greatly exaggerated
during the motion. This is true even when rotation is present so one might
expect objects which have recently fallen together to have very unequal axes,
a>b>c (11), (12). These necessarily elongated objects will have a natural
preference to form their shortest axes along their rotation axes. Ogorodnikov has
pointed out that there are such elongated objects among the members of some chains
of galaxies catalogued by Vorontsov—Velyaminov, and he suggests that these are
protobarred spirals. He and Antonov have suggested that the ends of the bars
of barred spirals are neutral points of the total gravitational plus centrifugal
field (13). A streaming of material from these points could be responsible for the
arms of barred spirals. More recently Freeman (14) and Prendergast (15) have
shown that in the rotating axes of the bar, particles leaving the end of a uniform
gravitating ellipsoid with a small radial velocity trace out convincing spiral arms.
The presence of this material trailing behind the bar must lower its angular
momentum. Relieved of some of its angular momentum the bar will shorten.
Fujimoto has discussed this process using dynamical models due to Aarseth while
Ogorodnikov has pointed to the observation that old barred spirals have stubby
arms, in good agreement with this line of thought (16)-(19).

The origin of the streaming from the ends of the bar and of the continued
presence of neutral points there remains obscure, so we present here an idea of
a possible mechanism. Suppose the configuration is as postulated at some time,
then the bar loses angular momentum to the arms and contracts a little. This
contraction increases both the angular velocity and density of the bar. The
latter is further increased by the lateral contraction necessary to make the pressure
balance the increased lateral gravity (assuming y<z2). Although the loss of
angular momentum eases the problem that the galaxy has in holding itself
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together, nevertheless the increased density aggravates the problem. If this
aggravation wins then the neutral points will move inwards through the material
of the bar leaving more arms behind them.

11.2. Problems raised by the present work.—(i) The divergence of the density
leading to shocks that we discussed briefly in Section 3 should be further
investigated. The physical reason why shocks form in a sheared flow may be
compared with the mechanism of shock formation in Riemann’s plane non-linear
waves. There, different disturbances overtake one another because the wave
velocity depends on the density. In our case the behaviour occurs in the linearized
theory because the mean flow velocity is added to the wave velocity yielding
disturbances that can overtake one another.

It would be important to calculate the energy input into the interstellar gas
due to these shocks.

(i1) A non-linear treatment of instability growth using the equations of
motion rather than Hunter’s equation should be attempted.

(iii) It would be important to determine the critical value of #Gp/4BQ for
the superposed sheets of gas and stars discussed in Section 10. A better value
could then be used to build galactic models.

(iv) Using the formulae given here models of galaxies should be derived.

(v) The stability of such a model without the use of a small scale analysis
should be attempted.

(vi) The wvalidity of the vertical equilibrium approximation should be
checked. ,

(vii) Application of this theory of gravitational instability to other
differentially rotating systems should be considered, e.g. for the cosmogony of
the solar systems.

(viii) A mathematical model of the dynamics of a barred spiral galaxy
obeying our mechanism should be worked out.

(ix) The rate of relaxation of stellar orbits due to spiral arm formation
should be worked out. This is likely to be the dominant relaxation mechanism
in the galactic disk. More generally whenever the mean gravitational field of a
whole stellar system is undergoing rapid change the effective relaxing effect is
likely to be enormous. The density distributions of elliptical galaxies could be
due to rapid relaxation during their chaotic birth stages. This form of relaxation
will lead to relaxation times and velocity dispersions that are independent of
stellar mass.

Appendix

Validity of the vertical equilibrium approximation.—In paper I we worked out
the exact dispersion relation for the incompressible uniformly rotating sheet.
Itis

I

7Gpy
nka th(nka) = (1 + c—2%8 _3[k]a)2[k|a ’

w?kZa?

where
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However, following the method of the present paper one may also work out
the dispersion relation approximately by wusing the vertical equilibrium
approximation and integrating through the sheet. The result is

7Gp, I

T w2402 (1 +e M _2lkla)z2]k]e’

Evidently the two expressions coincide (as they must) when w is small for then
n is small and th(nka) may be replaced by nka.

Our present concern is that for the differentially rotating sheet we have used
the vertical equilibrium approximation for modes whose wave numbers vary
through the critical ones and which may at times be considerably different from
them.

w? Dispersion relations
402

—_

/Approximate curve

Exact curve

0-6

04

0-2

Fic. 7

How bad is the equilibrium vertical approximation when used away from the
critical wave numbers? Does it give the correct qualitative behaviour and if so
what are the errors quantitatively? What is crucial to the preceding argument
is that both the onset and the growth of the instability should be determined
accurately. Theaccuracy of our solutions in their oscillatory regions is irrelevant.

By looking at the computed solutions we determined approximately the range
that % swept through during the period of growth. In Fig. 7 we have plotted
the exact and approximate dispersion relations and have indicated the region of
growth. In this region the approximation is virtually exact; not bad for an
approximation which saves six orders of differentiation !

Note added in proof.

We have heard from Dr Toomre and Mr Julian of further work on zero
thickness stellar disks including a discussion of sheared modes. These behave
very similarly to their gaseous counterparts discussed here. This work was
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" independent of ours although the same sheared coordinates have been invented
by them. Their discussion of truly stellar disks adds to our confidence in applying
results obtained for gas to a mainly stellar galaxy (20), (21).

Department of Applied Mathematics and Theoretical Physics, Clare College,
University of Cambridge: Cambridge.
1964 Fune.
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